Padé approximants are used to find the approximate vortex solutions of any winding number in the context of Gross-Pitaevskii equation for the uniform condensate and condensates with axisymmetric trapping potentials. The approximate solutions are used to elucidate the annihilation of pair of vortices of opposite circulation by finding the approximation to the streamfunction of the flow generated by such a pair. The critical velocity and minimal separation of vortices are calculated.
Introduction
In the last decade the experimental realization of Bose-Einstein condensation in trapped alkali-metal gases at ultralow temperatures has stimulated an intense interest in the production of vortices and vortex arrays and theoretical investigations of their structure, energy, dynamics, and stability [4] . The condensates of alkali vapors are pure and dilute, so that the Gross-Pitaevskii (GP) model which represents the socalled mean-field limit of quantum field theories gives a precise description of the atomic condensates and their dynamics at low temperatures. The same equation has been the subject of extensive studies also in the framework of superfluid helium at very low temperature, though the high density and strong repulsive interactions of superfluid helium restrict the applicability of the GP model to provide mostly qualitative description.
In spite of the seeming simplicity of the GP model which is a defocusing nonlinear Schrödinger equation that has also being extensively studied in other physical systems such as nonlinear optics, not many asymptotic or approximate solutions have been found especially for vortex solutions. Typically one has to resort to the numerical integration even in the case of a simple straight line vortex. Other techniques involve the power series expansions that have a small radius of convergence and, therefore, are of a very limited use (see more below). The other approach involves quite elaborate asymptotic expansions in several different regions and asymptotic matching between them ( [15, 1] ), which typically yields a useful result on critical parameters of interest such as critical velocities, but the resulting approximation to the solution is too complicated to be used on its own: for analytic manipulations or as an initial condition (possibly with a perturbation) for numerical calculations. Many numerical studies use a specific vortex configuration as a starting initial condition (see for instance, [10, 11, 13] ) and it is desirable to have a simple approximation to the vortex structure that can be used in such calculations.
The reason for the failure of the power series to represent the vortex solution is that series diverge in the presence of singularities. There are techniques of a summation theory that allow to overcome this difficulty and represent a given function by a convergent expression. In Euler summation this expression is the limit of a convergent series and in Borel summation this expression is the limit of a convergent integral. But for these methods to work one has to know all the terms of the divergent series exactly before the Euler or Borel sum can be found approximately. Padé summation allows one use only few terms of the divergent series to construct an improved estimate of the function.
In what follows we shall modify the standard Padé summation method, so that only the general forms of the power series at zero and at infinity are used to determine the appropriate form of the the Padé approximant, but the unknown coefficients will be determined recursively from the GP equation. The general idea is that if function f (x) has power series expansions of the form x n ∞ i=1 p i x 2i−1 around x = 0 and ∞ i=0 q i x 2i at infinity, then the Padé approximation of the form
where a N = q 2 0 b N +n with q 0 = f (∞) will have the same asymptotics at zero and infinity as the corresponding power series. Our paper is organized as follows. In Section 2 we will derive the Padé approximation of the straight line vortex in uniform condensate for any winding number. Sections 2 and 3 deal with the vortices in the condensate with trapping potentials including the external potential with a laser beam. In Section 4 we show the applicability of the found approximations to calculation of critical vortex separation and elucidate the process of vortex annihilation using streamfunctions.
Straight line vortex in uniform condensate
We start with the GP model in the form
where we use dimensionless variables such that the unit of length corresponds to the healing length a, the speed of sound is c = 1/ √ 2, and the density at infinity is ρ ∞ = 1. The straight line vortex ψ = R(r) exp(inθ) with winding number n = 1, 2, · · · in a uniform condensate was first obtained by Pitaevskii (1961) via numerical integration of the steady GP equation
subject to boundary conditions R(0) = 0 and R(∞) = 1. The asymptotic expansions for small r and large r in terms of the power series were obtained by many authors typically for n = 1. At small r, the solution can be asymptotically approximated by
, where the first term of the expansion p 1 has to be determined numerically (by shooting) as p 1 = 0.5827811878 with the rest of the terms then generated recursively as p 2 = −0.072847648, p 3 = 0.01128249, p 4 = −0.001781398, · · ·. The resulting series have no use outside its radius of convergence (r < 2.5, [12] ). Asymptotic but divergent solution at infinity can be obtained as
, · · ·. In the view of the odd power expansion at zero and even power expansion at infinity the Padé approximation of the straight line vortex can be obtained in the form (1) with n = 1 and N = 1 as
where we can let b 2 = a 2 in the view of the condition ρ → 1 as r → ∞. We substitute the Padé approximation (4) 
gives the correct asymptotic behaviour at r → 0 and at r → ∞ and approximates the numerical solution pretty well everywhere. Figure 1 plots the various approximations to the numerically found vortex solution for n = 1. Note that the procedure described above could be formalized by rescaling both the equation (3) and the trial function (4) by r → ǫr, equating coefficients at powers of ǫ and setting ǫ = 1 (see also [12] for power series expansions). This procedure will become important when we consider the equations of more than one variable, so that the recursive procedure can be established by using a different scaling of variables. We could also rewrite the equation (3) in terms of density ρ = R 2 (r), so that the model equation for the straight line vortex becomes
The Padé approximation of the straight line vortex with nonunit winding number can obtained by observing that R(r) ∼ r |n| at r → 0, so that we need to consider the expression
For instance, for |n| = 2 we obtained
Straight line vortex in a cigar-like trap
The equation on the density of a condensate in a cigar-like trap with the vortex trapped in the center is where λ is the dimensionless oscillator frequency. For a noninteracting gas, the condensate wave function for a singly quantized vortex on the symmetry axis involves the first excited radial harmonic oscillator state ψ noninter ∼ r exp(− 1 2 λ 2 r 2 ) exp(iθ), so we shall be looking for the solution of the form
where the Taylor expansion will be taken for the exponential function. The expression (10) with b 2 = a 2 is substituted into (9) and the terms up to O(ǫ 8 ) are set equal to zero. We get a 2 = 1 4
with a 1 given as a positive root of
For example, the solution for λ = 0.2 becomes ρ(r) = 0.2833r 2 + 0.0136r
Similarly to the uniform condensate case, the approximation to the multiply quantized vortices can be found in the form
4
Vortex in an axisymmetric condensate
The similar procedure can be implemented to find the vortex in an axisymmetric condensate in the trap given by the external potential V = λ (14) where we rescaled the variables as r → ǫr and z → ǫ 2 z. We are looking for the solution ρ(r, z) as
We solve the resulting equations to O(ǫ 8 ), define all the parameters in terms of remaining two (say c 1 and a 1 ) , that are zeros of coupled polynomials, whose suitable roots can be found numerically by fixing λ and λ Z . For instance, for λ = 0. Figure 2 gives the contour plot of this solution in xz−plane. The generalization to multiply charged vortices is done similar to the previous sections. The asymptotics of vortices in a trapped condensate was studied by Konotop and Perez-Garcia [9] using the sophisticated multiscale method with the resulting solution of the form A tanh(ar) exp(−br 2 − cz 2 ), where A, a, b, c are some constants that needed to be estimated numerically. The use of the Padé approximation not only provided a swift and easy tool for generating a comparable approximation, but has also been able to include the z−dependence not only in exponentially decaying term.
There are different ways of creating the vortex in trapped condensate, in particular, the angular momentum in condensate can be imposed by rotationally stirring a condensate with a laser beam [2] or guiding the vortex created at the edge of the condensate by a laser beam towards the center of condensate [16] . When the vortex is brought to the rest in the condensate center, the steady external potential can be assumed to have the form Figure 2 : A density contour plot in the xz−plane for a condensate containing a vortex along the z−axis as the solution of (14) given by (16) . The trap parameters are λ = 0.2 and λ Z = 0.1. Luminosity is proportional to density, the white area being the most dense. where r l is the half-width of the laser beam intensity profile. Our procedure for finding the approximate solution can be automatically adjusted for finding the vortex density in the condensate with potential (17) . We are looking for the Padé approximant (15) of the equation
In particular, for V 0 = r l = 0.8 we get the following solution ρ = 0.18354r 2 + 0.0910069r Figure 3 shows the r−dependence plots of (16) and (19) for various values of z. The form of the external potential is given as an inset. Notice how the laser beam causes the slight depletion of the condensate close to the center, followed by increase in density elsewhere. 
Streamfunctions and annihilation of vortices
Superfluid turbulence has been the focus of many experimental and numerical studies (e.g., [3] ) and very often the term "superfluid turbulence" is used synonymously for the "evolution of a superfluid vortices." Many studies of turbulence used the GP model (e.g. [13] ), since it is more accurate for the modelling of the vortex dynamics than classical Euler equations and the only tool for taking into consideration the vortex-sound interactions that are important for the vortex dynamics. So in the numerical integration of the GP equation one has to create an initial condition with vortex lines. Typically [10, 12] the initial condition consisting of several vortices is approximated by the product of the wavefunctions corresponding to each vortex line if the rest of lines were absent: ψ = i ψ i (x), therefore, one need to have an accurate approximation of a straight line vortex. In the spirit of [12] , to approximate two line vortices distance 2d and angle 2α apart one would take ψ + ψ − , where
, where ξ(r) = R(r)/r, with R(r) being our Padé approximation of the amplitude of the straight line vortex.
A better, but more elaborate approximation of the vortex solution for numerical simulation can be found by considering the streamfunction of the condensate φ = ρu where the velocity u is the gradient of the phase of the wavefunction ψ. Equation (2) can be written in hydrodynamic form through the Madelung transformation,
so that the real and imaginary parts of (2) then yield a continuity equation
and an integrated form of the momentum equation
Instead of considering the multivalued phase S we use singlevalued stream function φ, such that for the straight line vortex oriented along the z− axis the transformation is
The streamfunction φ automatically satisfies (21) and the steady state of (22) be-
The compatibility of (23) gives
As before for the straight line vortex we get R(r) as the solution of (3), which is approximated by (5) . The stream function is determined from (24)- (25) as
which is analogous to S = θ as can be seen by substitution into (23). By integrating (26) with R(r) given by (4) we get the expression for φ:
where
One of the most intriguing properties of the GP equation is its ability to capture nucleation and annihilation of vortices [8, 10, 12] . In particular, the nucleation of vortices as speed of sound is exceeded on the surface of moving bodies has been extensively studied [5, 17, 1] . On the other hand, in the seminal paper Jones and Roberts [8] determined the entire sequence of solitary solutions of the GP equation, such as vortex rings and vortex pairs, and showed that there is a critical radius for the existence of vortex rings and a critical separation for vortex pairs of opposite circulation. It has not been yet explained why such critical values have to exist. In what follows we shall provide one possible explanation using the approximations developed above.
The pair of two point vortices of opposite circulation centered at (0, y 0 ) and (0, −y 0 ) can be approximated by the field with the density
and the phase Figure 4 illustrates how this approximates the solution obtained numerically by the Newton-Raphson iteration of the GP equation
subject to boundary condition ψ → 1 as |x| → ∞.
Instead of phase S we can construct the streamfunction
where U is the velocity with which the vortices of opposite circulation propel each other in the positive x−direction. If vortices are separated by distances much larger than the healing length a, we can introduce a small parameter ǫ = a/L, where L is characteristic distance between vortices. As we are interested in the large scale motion we can rescale our variables as x → x/ǫ and t → t/ǫ 2 , so that the equations (21)- (22) give to the leading order ρ = 1 − O(ǫ 2 ) and ∇ 2 S = 0. So for significantly large distances between vortices the velocity is approximated by the velocity of propagation of point vortices in inviscid incompressible flow, in particular, for the pair of vortices of opposite circulation distance 2y 0 apart the speed of propagation is U = 1/2y 0 . For the separations comparable to the healing length Jones and Roberts Figure 5 gives the contour plots of the streamfunction of the pair of vortices distance d = 2y 0 = 8 apart in the frame of reference moving with the pair as approximated by (31). The flow generated by a vortex pair is the same as the inviscid flow around a solid body having an oblate spheroidal boundary at Φ = 0. The pair of point vortices of circulation ±κ in inviscid incompressible flow generates a closed body only for values of κ/πUy 0 greater then unity, where this critical value corresponds to a condition at which the separating streamline passes through the stagnation point at the midpoint between the two vortex centers. For κ/πUy 0 less than unity, a separate region of closed streamlines forms surrounding each vortex. For the GP vortices, if Φ(0, y) = 0 at ±y 1 = 0, then the vortex pair generates a closed body if and only if
(see also Figure 5b )
To determine the critical separation between vortices and, therefore, the critical velocity we need to find the intersection of curves of the maximum possible velocity determined by (33) and the velocity of the pair propagation (32). Both graphs are 
as y 0 ≈ 0.8 with the critical velocity U crit ≈ 0.42. This result agrees quite well with the numerical simulations of Jones and Roberts [8] (see also the left panel of Figure  1 for contour plots of the streamfunctions of the numerical solution).
Conclusion
In summary we introduced a new technique of finding the approximate vortex solutions of the GP equation in the uniform condensate and in condensates with axisymmetric traps. These solutions have simple analytic expression, correct asymptotic behaviour at zero and infinity and approximate the entire solution quite well elsewhere. We envision that the use of such approximations allows to set up an accurate initial vortex configurations for numerical calculations and allows explicit analytic manipulations. We used the obtained approximate solutions to elucidate the annihilation of vorticity when two vortex lines of opposite circulation are brought closer than a critical distance. We determined that the critical separation between vortices in the solitary vortex pair solution corresponds to a condition at which the separating streamline fails to encircle the vortices.
